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Proposition 1.1 Let q = 4a 2 + 276* be prime; then 

(2 + v^) (,+1)/2 = (-1)* mod q. 


Moreover, 


[ +1 mod q if a = 2 mod 4, 

(2 + \/3) (,+l)/ '* = < -1 mod? if a = 0mod4, 

I (~l|a6)±\/3 mod? if a = 1 mod 2. 


Conjecture 1 Let ? = 4a 2 + 276 2 = c 2 + 6d 2 = e 2 - 2/ 2 = 7 mod 24 be prime, where 
a = b = 1 mod 2, and a, 6, c, d, e, / > 0. Then 

,2* V3)..«v . (|)(±)£ ♦ 


Corollary 1.2 Let ? = Af, = V - 1 be prime, and assume that p > 5; then M p = e 2 - 2/ 2 
for e = 2<<’+ I >/ 2 - 1 and / = 2<'- 1 « 2 - 1, and 

5,-2 = (2 + V5)(« +l >/ 8 + (2-V3) (,+1)/8 

= (J)2Cp+»)/ 2 mod ?. 


For a proof, just observe that e = 7 mod 8 and / = —1 mod 4, hence (2|e) — 1, (-l|/) — —1. 
81:24 (=324) (Julia Robinson) See 94:27 below. 

90:12 (Charles Nicol via John Selfridge) Let N n be the concatenation of the first n positive 
integers. E.g. N l3 = 12345678910111213. Are any of these numbers prime? Are infinitely many 
prime? Robert Baillie has found that there are no primes out to n = 1000. 


asks the same question with the concatenation reversed: 1, 21, 321, 4321, 54321, 654321, ..., 
13121110987654321,.... He and Mike Filasetafind that 8281807978 ... 54321 is the only prime 
starting with 100 or less. Selfridge conjectures that there are infinitely many such primes. 

93:03 (John Conway & Andrew Odlyzko) Call d a high-jumper if d occurs most frequently as 
the difference of consective primes < * for some * (there may be several high-jumpers for a given 
i; denote the set of such by C(x)). 

Example: x = 11: 2, 3, 5, 7,11 gives 1, 2, 2, 4, so C(ll) = {2}. 

Conjecture: the only high-jumpers are 4 and the prime factorials 2, 6, 30, 210, 2310, .... 
Can one prove that high-jumpers tend to infinity? That any prime p divides all high-jumpers for 
x > *.(p)? 


Remarks: A paragraph of UPINT2 reads as follows: 

















Remarks: n = 1 4-2+l = 3 J ; n = 2 42-3+l = 5 J ; n = 3 4 • 2 • 3 • 5 + 1 = 11 J ; 

n = 4 4-2-3-5-7 + l = 29 J ; n = 7 4-2-3 - 5 • 7 • 11 • 13 • 17 + 1 = 1429 2 . 

The proposer found no others up to n = 25, the editor extended this to n = 35 and on 
94-01-17 the proposer quoted David Bailey: if P(x) is the product of the primes not exceeding 
x (so, e.g., P(10) = 210), then 4R(x) + 1 is not a square for any x between 19 and 23000. On 
94-02-16 Peter Montgomery reports having extended the search to p„ < 50000 and notes that it 
should be easy to extend this much further by computing the partial products modulo several 
huge primes and testing the quadratic characters. 

93:14 (Andrew Granville) Are there addition chains with !(4n) = /(2n) = l(n)7 And if so, then 
with l(8n) = l(4n) = i(2n) = l(n) etc.? 

93:15 (Edward Thurber) Is I(2n) > l( n) for all n? Some related questions are: 

(a) For all positive integers /, does there exist an odd positive integer m such that /(2 l+1 m) = 
/(2‘m) ? Examples with t = 1 are 2'm = 13818 and 27578. 

(b) Is there an adjacent pair n, n + 1 satisfying l(2n) = <(n) and l(2(n + 1)) = l(n + 1) ? 

(c) If h(x) denotes the number of integers n < x such that I(2n) = l(n), then is h(x) = fi(x)? 

(d) If c(r) is the least integer requiring r steps in a minimal addition chain, is c(r + 1) < 2c(r) ? 
If c(r + 1) > 2c(r), then if n = c(r) it follows that I(2n) = I(n). c(ll) = 191 and c(19) = 18287 
satisfy l(2n) = I(n). 

(e) Is c(r) odd for all r ? 1(281) = 10 and 1(282) = 11; thus, there do exist odd integers n for 
which l(n) < !(n + 1). Does this happen when n = c(r) - 1 ? 

Remarks: Misprint in 93:15(d) corrected. 93:14 also quoted to put things in context, but 
for definition of l(n) and what is known, see C6 in UPINTS (quoted in the 1993 Problems set). 
A recent paper is 

E. G. Thurber, Addition chains - an erratic sequence, Discrete Math., 122(1993) 287-305. 

In a 95-02-10 email message, Thurber says “that if in the addition chain problem c(r) represents the 
first integer that requires r steps in a minimal addition chain, then c(21) = 65131. This turned up in 
December shortly after the conference. Knuth determined these numbers up to c(18). We now have 
c(19) = 18287, c(20) = 34303 and c(21).” 

93:17 (Andrew Granville) Find a non-homogeneous irreducible polynomial F(x,y) 6 Z[x,y] of 
degree d > 5 with a lot of rational solutions x,y to F(x,y) = 0. 

Remark: The best examples known are y 1 - A(x - l)(x - 2) - - (x - d.) - 1 with solutions 
(1,±1), (2,±1),..., (d,±l), (0,±B) where B 7 = A(-l) d d\ + 1. Can one get an infinite sequence 
of Fj(x, y) of degree d, with at least cdf rational points for some constant c? You are not allowed 
to cheat by using factorable polynomials such as (x — y)(x — 2y). 

Andrew Bremner notes that if d is even there are also the solutions (d + 1, ±B). 

Remarks by Gene Smith, Peter Montgomery and the proposer imply that one is not allowed 
to have examples where x and y may be parametrized in terms of polynomials or points on some 
elliptic curve. The curves should be of genus > 2. 

Solution: (Ed Schaeffer, 94-12-19) 

F d (x, y) = x(x - l)(x - 2) - - ■ (x - (d - 1)) - y(y - l)(y - 2) - ■ • (y - (d - 2)) 
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If we could show that T„(z) was irreducible in general, it would solve the problem. 

It it worth noting that T„(y/z) seems to be irreducible, with Galois group the symmetric 
group for the corresponding degree, and that the held extension obtained from it appears to 
ramify only at primes less than or equal to n + 1. 

Remark: (Jeff Lagarias, 94-07-05) Eugene Gutkin, egutkinCmath.usc.edu, has a preprint: 
“Billiard tables of constant width and dynamical characterization of the circle.” 

93:30 (John Wolfskill) What is the 5-dimensional volume of the convex polyhedron whose 
12 vertices are (0,0,0,0,0), (1,0,0,0,0), (0,1,0,0,0), (0,0,1,0,0), (0,0,0,1,0), (0,0,0,0,1), (1,1,0.0,0), 
(0,0,1,1,1), (0,0,1,1,0), (1,0,0,1,1), (0,0,1,0,1), (0,1,0,1,1). Is this the smallest convex polyhedron, 
with vertices on the unit cube, which contains the ‘half-cube’ spanned by (0,0,0,0,0), (j,0,0,0,0), 
(0,1,0,0,0), (0,0,1,0,0), (0,0,0,1,0), (0,0,0,0,1)? 

Remark: (Andrew Mayer, 94-07-11) I entered the given points, and found that the 5- 
dimensional volume of the polytope is 23/120 (about 0.19). Just to make sure, I verified the 
number by Monte Carlo runs, and it checked out. This, I believe, answers the first question. 

The second question is more interesting. If the vertices of the cube are identified with subsets 
of {a, b,c,d,e} in the obvious way, and the K are the selected vertices (a subset of the power set 
of {a,b,c,d,e]), then a sufficient condition for the “half-cube" to be contained in the convex hull 
of the Vi is the following: 

Every subset of {a, 6, c, d, e} is the disjoint union of two of the sets corresponding to the K-. 

This is because (Vj + Vj)/2is a vertex of the half-cube when K and Vj are disjoint. It may not 
be necessary, though, because it requires the extra condition that each vertex of the half-cube be 
the midpoint of a line connecting just two of the vertices. It may be possible that the use of less 
trivial combinations will give rise to a smaller polytope. 

So I fiddled around and found the following set of K satisfying the above condition: 

{0} = 00000, {o} = 10000, {5} = 01000, {c} = 00100, {<Q = 00010, {e> = 00001, {a, 6} = 
11000, {a,c} = 10100, {fc.c} = 01100, {d,e} = 00011, {a,4,e} = 11100, 

There are only 11 of these, as opposed to the 12 given, and my program gives the volume of 
the convex hull to be 1/10, which is almost half the size of the one given (answering the second 
question in the negative). Sadly, (as explained above) I don’t know if this is the optimal value. 

93:31 (Richard Guy) Which integers can be represented by (x+y+z) 3 /xyz with x, y, z integers, 
preferably positive ones? 

Remark: This is essentially solved, by relating it to the family of elliptic curves Y 2 = 
n 2 X 3 + (nX + 4) 2 , in 

Andrew Bremner & Richard K. Guy, Two more representation problems, (submitted to) Proc. Edin¬ 
burgh Math. Soc. 








PROBLEMS PROPOSED 94-12-19 k 21 


94:01 (Ed Schaefer) (Compare 93:17 above.) Let 

F d = x(x - l)(x - 2) - • (x - (d - 1)) - y(y - 1) • •. (y - («f - 2)) 

where d is an integer at least 5. Then FJx,y) = 0.has solutions (d,d) and (*,j) where i g 
{0,1,2,... ,d— 1}, j € {0,1,2,... ,d— 2}. If <f = n 2 , there’s (n 2 + n - l,n 2 + n) and for d - 9 
we have (13,15) and for d = 36 we have (54,57). Are there any other positive integer solutions? 

94:02 (Erdos Pal) A system of congruences o,- mod n t (1 < i < k) is a covering system if every 
integer y satisfies y = a, mod n, for at least one value of t. For example 0 mod 2; 0 mod 3; 1 mod 
4; 5 mod 6; 7 mod 12. If c = n t < n, < ■ ■ ■ < n t , then Erdos now offers $1000.00 for a proof or 
disproof of the existence of covering congruences with c arbitrarily large. 

Remark: See F13 in UPINT2. Choi has a system with c = 20 and a Japanese is reputed to 
have achieved c = 24. 

94:03 (Erdos Pal) Crocker proved that there are infinitely many odd integers not of the form 
2* + 2' + p, where p is prime. There may be ci of them less than x, but can > x‘ be proved? 
Remark: See A19 in UPINT'2. 

94:04 (Erdos Pal) Is it true that for large r every integer is the sum of a prime and r powers of 
2 ? At least prove that the density of such numbers is 1 - e r . 

94:05 (Neville Robbins) Given a prime p, find a prime q such that q = 2p-l mod 4p [by Dirichlet’s 
Theorem there are infinitely many such], so that ?+1 = kp, q = o 2 +6 2 and a 2 + 6 2 + l 2 + 0 2 = kp. 
This leads to a representation of p as the sum of 4 squares. By taking sufficiently many q, can 
we obtain all representations of p as the sum of 4 squares? 

94:06 (Sam Wagstaff) Find a (small) function where n is an integer > 1 and 0 < t < 1 

so that if A C a reduced system of residues, mod n, and |A| > f^(n), then 

min(least prime = a mod n) < B(n, t) 


Notes: 

1. When t is near 0, B(n,t ) may be only Linnik’s bound, n c , on 


: (least p = a mod n). 


2. When t is near 1, B(n,t ) should be small, say O(nlnn). 

3. Can you solve the problem just for t = | ? 

4. B(n,t) should be monotonically increasing in n and monotonically decreasing in t. 
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Remarks: (Carl Pomerance) For (a, n) = 1, let p(n,a) be the least prime = a mod n. Let 
Oj,..., o-i(n) be a reduced residue system mod n organized so that p(n, oi) > p(n, o 2 ) > • ■ ■ > 
p(n, For t e (0,1), Wagstaff asks for an upper bound for p(n, a { ) for t > t<f>(n). 

Using sieve methods I can prove that there is some to € (0,1) such that 
p(n, n.) < 2(<£(n) + 1 — i) In n for t > l 0 (K n )- (I’ve shown in 

Carl Pomerance, A note on the least prime in an arithmetic progression, J. Namier Theory, 12(1980) 
218-223; MR 81m:10081 

that this inequality fails for i = 1 for most n.) Sketch of proof: Say i > t 0 ^(n) and write 
<K n ) - i - Suppose e < 1/lnn. Then p(n,a ,) is the (^(n)+ 1 - i)-th prime that does 

not divide n and the result follows. Say c > 1/lnn Then consider the primes up to 2e0(n)lnn. 
There are about 2«/>(n) such primes that do not divide n and we wish to show that they cover at 
least «f>(n) residue classes mod n. The number of classes they cover is > (# primes < 2In n 
not dividing n) - (# pairs of primes < 2e<p(n)lnn that are congruent mod n). That is we have 
to show the second term is < e$(n). For each k < 2e^2l In n, consider N t , the number of primes 
p < 2 afi(n) In n with p + fcn prime. Then the second term above is < £ for k < 2e^ In n. 
By the sieve, 

N _n 2efln)lnn fc m 

* ^ <M.k) #n) (In n) J tf(*)lnn 

Thus 

£Ar l<f M lnn .Jj!L = eV(»). 

Thus for t 0 sufficiently close to 1, we have c < 1 — to and so £ Wt < c^(n), and we’re done. 
94:07 (Bart Goddard) Let 


and /„(o„) = infjo i] f„(x) 

(a) Find an upper bound for /„(o„). 

(b) Find lim.^o. 

Remark: Possible answers: (a) < ^/n> 0>) §• 

(Paul Feit) f'(x) = n!z" _1 H-h 2* - 1. The root is being pushed to 0 rapidly as n gets 

large. 

94:08 (Gene Ward Smith) Show that for n > 2, the polynomial 

*<*)=* n+ ter^ + ter *■*■’ + - + ^ +1 

has precisely one real root r > —1. 

Remarks: I use the function 

/(*)=££ 




For x = — 1 the polynomial almost gets back up to a zero, but not quite. For odd-degree 
polynomials it then proceeds downward again; for even degree it quickly heads up to what seems 
to be the only other real root. This can be confirmed for particular n with a Sturm sequence. 

94:09 (Morris Newman) Let 

g (n) = -£<W.d)^U P ^‘{ 1 
<% P + 

Is g(n) ever = 0 mod n ? 

Remarks: Yes if n = 1. No if n is even. This is Problem 10410, Amcr. Math. Monthly , 
101(1994) 911, proposed by Frank Schmidt. 

Solution: (Peter Montgomery) j(7 -13 ■ 43 • 157) = 43 • 157 • (13 • 139) • (7 ■ 3499) 

94:10 (Morris Newman) Are there infinitely many primes p such that gcd(2 p — 1,3 P — 1) > 1 ? 

Remark: Suppose that p = 12n-l, q = 2p+l = 24n-l are both primes, then ?|(2 f ’-l, 3 P -1), 
so if there are infinitely many such prime pairs, the answer is affirmative. Is there another 
approach? 














, (2,2)-perfect numbers have been called superperfect and 
>uperperfect; these last being discussed by Pomerance irt 
ey tabulate all (m, fc)-perfect numbers n for (m,n) = (2, < 
prove that the equation <r-(2n) = 2a 2 (n) has infinitely' many 
m, are there infinitely many (m, fc)-pcrfect numbers? and : 
to? (i.e., the present problem.) For n € [1,400] they list the 
r value of k’ (m in their notation) was 78 for n = 29, the only 
». Perhaps it is never ‘spectacular’ ? 



































3|6 and the following congruences hold: 


o + 6=l mod 4 if 2|6, 

6 = 1 mod 4 if 2|o, and 

o = 3 mod 4 if at is odd. 

If 3 ( ' , ~ 1) /“ = l mod p, then 3 3 * + 1 = K,L t M, = 0 mod p, where 

A', = 3« + l, L, = 3»-3’* 1 + l, M, = 3« + 3*^ + l, 



p\L, 4=s- (-1)^ = (J). | mod 3, 

p | Af, 4=> (-1) 1 * 1 = - (2) ■ | mod 3. 

After I had found proofs of the propositions above, I discovered a proof of Conjecture 1 (the 
special case u = 1 of Prop. 3.1.) in 

Th. Gosset, On the law of quartic reciprocity, Messenger Afa<6.(2), 41(1911), 65-90. 

94:18 (Charles F. Osgood) Do there exist any complex numbers a for which the Riemann zeta 
function has a positive deficiency in the sense of Nevanlinna theory? 

Remark: For those of us without Nevanlinna theory at the tips of our fingers, Noam Elkies 
kindly explains: is there an a 6 C and < > 0 such that, for an infinite sequence of R approaching 
infinity, the number of solutions of CM = o with |s| < R, not counting multiplicity, is less 
than 1 - e times the number of solutions, counting multiplicity, of that equation for generic a? 
(Presumably a = 0 can be taken as a “random” enough a.) 

94:19 (Sinai Robins) Evaluate 



I conjecture that this is a rational number. The meaning of (—1)' is taken from the counter¬ 
clockwise direction. 

94:20 (Melvyn Knight) Consider the 10-adic number x = n!. Is x irrational? Is x tran¬ 

scendental? 


Remark: By 'x is rational’ is meant that there exist integers a and 6 such that for every 




for m > 9, because x, = 14 mod 100 (compute 0! + • ■ • + 9!), and everything from 10! on is 
divisible by 100. So, the last two digits of x are 14. If you want the third from last digit, compute 
0! + • • • + 14! modulo 1000. 

94:21 (Peter Fletcher, William Lindgren & Carl Pomerance) A pair of different primes p, q form 
a symmetric pair if gcd(p - 1,?- 1) = |p-q|. For example, twin primes, or (13,19). Are there 
infinitely many symmetric pairs? 

Remark: The proposers have shown that there exist infinitely many primes that do not 
belong to a symmetric pair. The first few axe 23,47, 83, 163, 167, 173. 

94:22 (James P. Jones) The Pell equation * 2 -(a 2 -4)p 2 = 4 has solutions x a (0) = 2, x.(l) = a, 
x.(n + 2) = oi.( n + 1) - x 0 (n); y„(0) = 0, y.(l) = 1, y„(n + 2) = ay.(n + 1) - y a (n). Write the 
odd prime p in the form p = 2‘q + f, where q is odd and c is the Legendre symbol ((a- - 4)|p). 
Suppose t > 2, i.e. p = e mod 4 and suppose that p|y.,(g). Then it follows that x a (q) = ±2 mod p. 
Find the rule for the ± sign. 

Remark: Examples: p = 41. If a = 6 sign is +; if a = 7 sign is -. 

Solution: (Franz Lemmerm eyer) Define m = a? - 1; then it is easy to sec that 
c x .(n) + y a (n)y/m = 2el, whcre|V m = a + y/m Us a unit in some order of the quadratic number 

— Yield K = Q(v'm). The problem posed abovcis equivalent to the evaluation of rj, mod p, where 
9 = (p - e)/2'i in fact x a (q) = 2eJ, mod p. 

The case € = +1 has been studied extensively by Scholz, Kedci, Aigner, E. Lehmer, Carrucand 
& Cohn, Brandler, Leonard & K. S. Williams, Haltcr-Koch, Ishii, and many others. If c,„ is the 
fundamental unit, then and have been computed for prime m (or more generally 

for m such that the 2-class group of K has at most one invariant divisible by 4); and if e m has 
norm +1, similar results for are known. 

The case € = -1, on the other hand, seems not to have been examined at all. Observe that 
we have treated some special cases in Sect. 1 (for the unit 2 + >/3): other than that, not much is 
known: 

Proposition 2.1 Let h denote the (odd) class number of Q(V Z ?), where q = 3 mod 4 is 

prime. Let p = 3 mod 4 be a prime such that (-?|p) = 1; then p k = 4a 2 + qb 2 for some a, 6 e N. 

If €p denotes the fundamental unit of K = Q(^/q), then 

^ = (- 1 )” mod P- 

1 +1 mod q if a = 2 mod 4, 

—1 mod q if a = 0 mod 4, 

(-llahji^/q mod q if a = 1 mod 2. 

[For a proof see Lemmermeyer reference at 78:17 above.] 

Back to the example: if p = 41, a — 6, then m = 6 2 - 4 = 32, e m = 3 + 2 a/ 2 = c|, hence 
= 4?~ 1)/4 = (£ 2 |41) 4 = +1 by Scholz’s reciprocitytheorem. 

94:23 (Zachary Franco) For which t does t* + t* + 1 = n 2 have a solution in positive integers a, 
6, n ? It’s clear that if (3|(t - 1)) = -1, then no solutions exist. 
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Remark: This is the first unresolved case of the Tarry-Escott problem. 

94:26 (Mike Zieve) For p prime, let 

/( x) = x + b 0 + + i,i J + ■ • ■ + U n x n 6 F,[ioA, • • • AIM 

be a generic polynomial of degree n. Let g(x) 6 F,,[6o,... AIM be the p-th iterate of /, and 
write g(x) — x as a sum of monomials cx l 6J°6f‘ • where c € F p \{0}, and k, a 0 , a,, ..., 
a„ > 0. 

Conjecture: If k < p — 1, then 2o 0 + Qi > p — 1. 

Evidence: For each n and p this is true for the first several thousand terms. For p < 5 this 
is true for each n. For small n this is true for each p. As an example we give a proof for n = 1: 
}{x) = K + (1 + 1:)* 

g{x) = 6 0 (l + (l + 6 1 ) + ... + (l + 6 1 )i-‘) + (l + 6 l )ri 

= 

= I + hob?- 1 + 6?! 
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where the second and third terms have 2a 0 + a, = p + 1 and 2a 0 + = p. 

94:27 (Dan Shanks & Sam Wagstaff) 

Martin Davis, One equation to rule them all, lYons. New York Acad. Set. Ser. II, 30(1968) 766-773 
showed that if the diophantine equation 

9(« J + 7v , ) , -7(r 2 + 7« 2 ) 2 = 2 (1) 

had no solution other than the trivial one u = 1, v = 0, r = 1, s = 0, then the Hilbert tenth 
problem is unsolvable in the sense of recursive number theory. However 

Oskar Herrmann, A non-trivial solution of the diophantine equation 9(u 2 + 7s 2 ) 2 — 7(r 2 + Is 2 ) 2 = 2, 
Computers in Number Theory (ed. A.O.L. Atkin & B.J. Birch, Academic Press, 1971, 207-212. 
established that (1) had a non-trivial solution and Shanks computed it. 

Does (1) have infinitely many solutions? 

We may write (1) in the form 9 A 2 - 7 B 2 = 2, where A„, B„ are of form * 2 + 7y 2 . 

■4 n+1 = 8A„ + 7 B n , B„ +1 =. 9/t„ + 8 B n , A 0 = B„ = 1. The A n , B„ are all odd, and an 

odd z is of the form x 2 + 7y 2 just if p‘||z implies that p k = 0, 1, 2, 4 mod 7, i.e. primes 

p = 1, 2, 4 mod 7 may divide to any power, but primes q = 3, 5, 6 mod 7 must divide to an 

even power. (A„, B„) = (1,1), (3-5,17), (239,271), (13-293,7-617), ..., where the bad primes q 

are shown in bold and we can rule out as far as » = 26. Hermann showed that 

A, e = 172314290S9624614166470862182959 and B te = 19538604045167506118097869511631 

are prime and lead to a solution. If we continue, = p 4 PijP2« = 4-1-2 mod 7 and 

H33 = P6P14P26 = 1-4-1 mod 7 where p,- denotes a prime with j decimal digits. By composition 

(e.g., p„ = 1607 = 40 2 + 7 • l 2 , pi 2 = 243402458839 = 179208 2 + 7 -173735 2 so that p„p 13 = 

(40 • 179208 ± 7 • 1 • 173735) 2 + 7(40 • 173735 T 1 ■ 179208) 2 ) these lead to 16 new solutions of (1). 

And A 35 = p 8 p 35 = 1-1 and B 3i = PsPsPsPisPis = 2 • 2 ■ 4 - 4 ■ 1 yield 32 more. 
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